A note on the condition number of a matrix  by Fang, Qing
Journal of Computational and Applied Mathematics 157 (2003) 231–234
www.elsevier.com/locate/cam
Letter to the Editor
A note on the condition number of a matrix
Qing Fang
Department of Mathematical Sciences, Faculty of Science, Ehime University, Matsuyama 790-8577, Japan
Received 27 November 2002; received in revised form 3 February 2003
Abstract
In this note, we give the estimates both of upper and lower bound of condition number of a simple matrix.
The estimates can be used to help to measure the sensitivity of the solution of linear systems.
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1. Introduction
As is well known, condition number of a matrix plays an important role in solving linear systems,
especially in the perturbation problems. The purpose of this note is to give speci7c estimates of the
condition number cond2(A) = ‖A‖2‖A−1‖2 for the n× n real or complex matrix
A=


1 a
1 a
. . . . . .
. . . . . .
1 a
1


; a = 0; (1)
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where ‖A‖2 denotes the spectral norm corresponding to the Euclidean vector norm ‖ · ‖2 in Cn, that
is, ‖A‖2 =
√
(A∗A) and (A) denotes the spectral radius of A.
2. A theorem
The following result holds for the matrix A de7ned by (1):
Theorem 1. If |a|¿ 1, then
n(1 + |a|)|a|n−1¡ cond2(A)¡	n(1 + |a|)|a|n−1; (2)
where
n =
√√√√(1− 1
n
) n−1∑
i=0
|a|−2i (3)
and
	n =
√√√√n−1∑
i=0
(i + 1)|a|−2i; (4)
so that
lim
n→∞ n = |a|=
√
|a|2 − 1 and lim
n→∞ 	n = |a|
2=(|a|2 − 1): (5)
Hence, if n and a are large, then n; 	n  1 and cond2(A)  (1 + |a|)|a|n−1.
3. Proof of Theorem 1
It is easily seen that
A−1 =


1 −a a2 · · · (−a)n−2 (−a)n−1
1 −a · · · · · · (−a)n−2
1
. . . . . .
...
. . . −a a2
1 −a
1


(6)
holds. Let u= (1;−a−1; a−2; : : : ; (−1)n−2a−(n−2); (−1)n−1a−(n−1))t. Then we have
Au= (0; 0; : : : ; 0; (−1)n−1a−(n−1))t ≡ v
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and
A−1v= u:
It then follows that
‖A−1‖2¿ ‖A
−1v‖2
‖v‖2 = |a|
n−1
(
n−1∑
i=0
|a|−2i
)1=2
: (7)
On the other hand, let w = (1; ; 2; : : : ; n−1)t with  = |a|=a. Then we have
‖A‖2¿ ‖Aw‖2‖w‖2 =
√
(n− 1)(1 + |a|)2 + 1√
n
¿ (1 + |a|)
√
1− 1=n: (8)
Therefore, it follows from (7) and (8) that the 7rst inequality in estimate (2) holds. Furthermore,
let n be de7ned by (3). Then it is also easy to see that the 7rst equality in (5) holds.
The second inequality in estimate (2) follows from the well-known inequalities (cf. [1,2])
‖B‖26 ‖B‖E and (B)6 (|B|) (9)
for any n× n matrix B=(bij), where ‖B‖E =
(∑
i; j |bij|2
)1=2
denotes the Euclidean norm in Cn
2
and
|B|= (|bij|). In fact, we obtain
‖A−1‖E = |a|n−1
√√√√n−1∑
i=0
(i + 1)|a|−2i = |a|n−1	n: (10)
On the other hand, we have
A∗A=


1 a
Fa 1 + |a|2 a
Fa 1 + |a|2
. . . . . . . . .
Fa 1 + |a|2 a
Fa 1 + |a|2


and
|A∗A|6H =


1 + |a|2 |a|
|a| 1 + |a|2 |a|
|a| 1 + |a|2
. . . . . . . . .
|a| 1 + |a|2 |a|
|a| 1 + |a|2


;
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where A=(aij)6B=(bij) means aij6 bij; ∀i; j. Observing that the matrix |A∗A| is nonnegative and
irreducible and (|A∗A|)¡(H) by the Perron–Frobenius theory for nonnegative irreducible matrix,
we have
‖A‖22 = (A∗A)6 (|A∗A|)¡(H) = 1 + |a|2 + 2|a| cos

n+ 1
and
‖A‖2¡ 1 + |a|: (11)
The second inequality in estimate (2) now follows from (9)–(11). The second equality in (5) can
easily be veri7ed. Theorem 1 is thus proved.
Corollary 1. If (n− 1)∑n−1i=1 |a|−2i ¿ 1, then n¿ 1 and
cond2(A)¿ (1 + |a|)|a|n−1: (12)
Remark 1. In [1, p. 54], an estimate
cond2(A)¿ |a|n−1 (13)
is found for the case a= 2 and n= 100. In this case, we have
(n− 1)
n−1∑
i=1
|a|−2i ¿ (n− 1)a−2¿ 1
so that estimate (12) is sharper than (13).
Remark 2. Theorem 1 suggests that even if A is of the simple form like (1), the Gaussian elimination
for solving the linear system Ax = b might be unstable if |a| as well as n is large.
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